Linear Inverse Problems
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// v J

o gerve iluu\ we waat o ‘ghd X

Thes C&ll{J a [lnear iaverte pm‘o'tw\.

We  can  thiak o'F y as COm"‘a‘m.'nj J]#Qr@o\"’ an;reo+

o\OSeruoﬁ'OnS or wealur cmenwy

ré& @‘>" Shere @l i ot mh
7: 2<..16"1> vouw o'(: A
| <),<,\.“M>4 (a* & & T com,o'fx>
We can  \ave /‘/\>N, /‘A:/\/, or M CN
/ \ ~
moce okwrua‘ﬁo»s Tl Lewer olojeraﬁflouJ

2 o& obServation
= & o -€ " [CM('RJ“S

L M=N  and ;4_' e\rfg"s Hlun

Anknownd Hacon unknrwns,

- -
g = A y =2 \a 1em¢rcj\ \+. ES Nev e&r

/7 ‘-\4\(‘& ea.()/

-
Z Tiia Lej = \/0/7
| ~r B = JAL_
—beconuo[\d‘wn T e.f‘)- d(e\\v\rr:mj. A(%c"f‘ul \{(jL\;H(SﬁX(J‘-‘

1 COmmunt u:l“lay.s
£y fore | vy (3 = = o)

heey | 3 er!

kwﬁ \Lmow \/\(t\ Jﬂ:‘mor& in

"HAI( ,q'Ltf

y ()= S‘q(t-ﬂ 1C (t)de

- o0

11-Linear Inverse Page 1



Linear Inverse applied to Continuous Time
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Solving Linear Inverse Equations
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Eigenvalue Decompositions
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Diagonalization
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Matrix Spectral Decomposition
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Schur decomposition notes

Thursday, March 16, 2017 9:40 AM

Technical details: Schur decomposition

In this section we prove one of the fundamental results in linear
algebra: that any N x N matrix is unitarily similar to an upper-
triangular matrix. That is, given an N x N matrix A, there is an
orthonormal matrix V' (meaning V"'V = I) such that

A=vAVvH
where
All 1) AL 2] -+ A[L, N
0 A[2,2] -+ A2, N]

A:

0 0 - ANN|

This is known as the Schur Decomposition or the Schur Tri-
angulation. [t is also possible to choose V' so that A is lower-
triangular.

The proof works by induction. First, we use the fact that every
matrix has at least one eigenvector. Let v; be an eigenvector of
A; we may assume that v, is normalized, since all scalar multiples
of eigenvectors are also eigenvectors. Then we take V| to be any
orthogonal matrix with v, as one of its columns:

Vl = ['Ul Ul} \ Ul S RNXN_l.J U?Ul = I.J U?'Ul =0.

This is equivalent to finding an orthobasis for RY where v, is one
of the basis vectors and the N — 1 columns of U, are the others.
There are many such choices for U;; one can be found using the
Gram-Schmidt algorithm.
Since vy is an eigenvector of A (call the corresponding eigenvalue
A1),

AVl oS [)\l’ul AUJ R

29
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Schur decomposition notes
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Schur decomposition notes

Thursday, March 16, 2017 9:40 AM

where A,y is a (p+1) X (p+ 1) upper-triangular matrix, and W,
and M, are arbitrary (p+1) x (N —p —1) and (N —p — 1) x
(N — p — 1) matrices, respectively.

Given an arbitrary A,
Vi ViviaAYV .V Vv
Ap — p 1 et 2 1 A 1 2" p_]

will have the form (1). Applying the construction over N iterations
gives
A=VY. . . VIVIAV V,. ... Vy,

which will be upper-triangular. Since each of the V', are orthonor-
mal, V .=V ,V,--.Vy will also be orthonormal. Thus

A=V"'AV & A=VAV"

where A is upper-triangular and V'V = 1.

Eigenvalues of A

The diagonal entries of the matrix A will contain the A, used in the
construction above (which we might recall are the eigenvalues of the
submatrices M)

Alp,p] =\,

We can see now that the A, are also eigenvalues of A. Since A is
triangular, its diagonal entries Ay, ..., Ay are its eigenvalues. If x,
is the eigenvector of A corresponding to A,, then taking y, = Ve,
we have

Ayp = VAVvap — VAmp — )\pvmp - )\pypa

and so the Ay, ..., Ay are eigenvalues of A as well.

31
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Schur decomposition notes

Thursday, March 16, 2017 9:40 AM

Real-valued decompositions

If A is real-valued but non-symmetric, then both V" and A can be
complex-valued. However, there does real-valued U and Y such that

A=UYU",

. T . .
where U is orthonormal, U U = I, and T is almost upper-triangular:

A % o x

The A, above are either 2 x 2 matrices or scalars; there is a 2 x 2
block for every pair of complex-conjugate eigenvalues of A, and a
scalar for every real eigenvalue. Although this decomposition is not
strictly upper-triangular, it carries many of the same advantages.
For example, with U pre-computed and given a b € RY, we can still
compute the solution to Az = b with O(N?) operations.

32
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Symmetric PD Matrices cont.
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Symmetric PD matrices cont.
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Symmetric Positive Definite Matrices
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Observation Error

Monday, March 20, 2017 9:57 AM

[\Iou) Su'opo.!c we \\Que some ogservd“fco\ exytror

Suppose /Jcl]z = 0,00l ,  what does A'e (cok ke’

what s Tle (c.rﬁel"' e}ﬁenVGAM a\[ A"-) I/A,J

Tle a0 <ou.\& be am‘)\;QeJ &.\/ al ‘M\“,L s ‘/>‘N
"c XN = /0—5—, Tle ervor cn X s (-‘C,,,- PR Exawr(¢,>

!/00 gf

QKﬁW\p‘t, A \lurs rous 0“’ an imafe. Tlon  Tlare B Some
p\oae ao(JeJ \Qév\ e Senser

r‘"‘ =
/\c\‘:‘:ﬂ “"«\,Q—b\ < P(o“‘ur( wm\ .(Lal'-y cowers
y: A’K#C
/ \-(a\(xe{ etror Lom (MOS  cender
image pine
o)

a \qlw'r\\v\j has a lowpasy cwq:te‘{'

le QH\
co A Wil awpl\{y N/JW‘“’“"#
s
<

Yo I\GTS(.-.

f\d"e, YR (VY Mwiens llna\liy cL A— iacresle S, "nu. 5ma"e$"‘
MA [o\rj'oj“' ¢'lj¢v\ u’&‘uﬂ "'en} '{bwj m _(‘oec'[\m" WA 'n ;‘ Wk
rfsloec}lv"\/ . (Mm o‘eL“'v 'S (c.+v\

11-Linear Inverse Page 14



Reconstruction Error
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